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AH ALTTICAL  PERTURBANCES  IN  AN  UNSTEADY  TRANSONIC  FLOW 


Ye.  V.  Haaontov 


| 
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Saall  perturbances  in  an  unsteady  transonic  gas  flow  are 
described  by  the  equation  [ 1 ],  [2] 

♦♦yy-2*..  "°  (1) 

Here  ♦ (*,  y,  t)  (d iaens ionless)  is  the  pertubance  velocity  potential. 
The  variables  x,  y,  t are  also  diaensionless. 


The  following  boundary  problea  was  foraulated  in  [ 3 ]t  [4].  In 
the  region  D = {(*»  y#  t)  ; t > 0,  x > 0,  -•  < y < •}  it  is  necessary 
to  find  the  solution  to  ♦(*,  Y#  t)  of  equation  (1),  if  we  know 


. 


8 11  09  114 


DOC  » 1S79  PAGE  2 


«<x,7,o)  ••c(x.7)>  »(o,7.t)  a**JL  ♦«<o»y»t)a ♦, (y,t)>o 

In  other  words,  potential  # is  known  at  the  initial  point  in  tiae 
throughout  the  flow,  while  the  values  cf  both  components  of  the 
velocity  vector  are  known  on  straight  line  x * 0 at  t > 0.  Inequality 
♦ , > 0 leans  that  this  straight  line  is  in  the  supersonic  part  of  the 

flow.  The  uniqueness  of  the  solution  to  this  problei  and  its  validity 

for  the  linear  aodel  of  equation  (1)  were  shown  in  these  reports. 

Proi  the  physical  standpoint,  it  is  logical  to  anticipate  that  a 
solution  will  exist  at  siall  values  of  time  t.  This  report  studies 
the  problei  of  the  existence  of  analytical  solutions. 

This  is  based  on  the  theorei  proven  by  L.  V.  Ovsyannikov  [5] 
about  the  solvability  of  differential  equations  in  the  scale  of 
Banach  spaces.  He  will  write  the  necessary  equation,  we  will  select 
the  scale  of  Banach  spaces,  and  we  will  check  the  solvability  of  the 
conditions  of  L.  V.  Ovsyannikov's  theorei. 

1.  »e  will  consider  equation  (1)  in  region  D = {(x,  y , t)  T > 0, 

x > 0,  — < y < -l  and  we  will  assuie  that  the  values  of  solution 


#(x,  y,  t)  are  assigned  in  planes  t - 0 and  x = 0.  Bquation  (1)  can 
be  replaced  by  the  systei 
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^ ' v. 


(2) 


where  u * %•  v 3 fy  ire  the  perturbation  velocities  on  axes  x and 
y,  respectively.  The  values  u(x,  j,  0)  = u0(x#  y)  and  v(0,  y,  t)  = 
h(y,  t)  are  found  froa  the  assigned  values  of  the  potential.  Then 

« 

a p 

v(x,y,t;  = h(y,t)  ♦ gj  J u(t,7,t)dt. 

0 

Substituting  this  expression  in  the  first  equation  of  the  systea,  we 
will  obtain  the  equation  for  function  u 

J *<e.y.t>di ♦ o) 

with  the  initial  condition 

u(*,y,0)  ■ u0(x,y).  (*) 

If  function  u(x,  y,  t)  is  found,  the  potential  can  obviously  be 
reconstructed.  Using  the  sebetitatioa 

« ■ u - u, 

we  will  give  the  initial  condition  for  xero  and  we  will  consider  the 
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problem 


w » - 1 w - 1 u.w  ♦ 1»  - J u w 
» 2 ■ 2 • • 2.  • « 

♦ iu.  - ?»,«,.  ♦ Jff. 

(x  > O,  t > 0,  -«<y  < «), 

■(x,y,0)  ■ 0, 


(3*) 


(O 


•here  operator  1 acts  as  follows 

i a*  r 

lw  • 5 r~r  I 

ay  j 

2.  The  solvability  of  this  problem  will  be  proven  ia  tha 
analytical  scale  of  the  Banach  apacas  » ■ u b . space  a.  consists  of 

P * P 

0<p<p0 

of  function  v(z,  y,  t)  , for  which  the  nora 

,w|p".!.  (5) 


is  finite  at 


■ mmx 

0 SICS  D 


»«»*»  1 


■ X 

0 Sk<n 


i al*_ 

•x'hy**- 


(0,0, t)  |. 


These  noras  have  the  necessary  properties  [5],  He  will  also  point  out 
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that  the  following  inequalities  are  walid: 

*W,w,*p  s * w'lp  I**  lP'  I a*"lp  * 


(6) 


3.  Problea  (3*),  <«•)  can  be  considered  to  be  the  problea  of 
searching  for  the  solution  to  equation 


= f(w,t) 


(7) 


with  the  initial  condition 


W(0)  m 0 


<») 


The  nonlinear  operator  acts  in  the  seal*  of  Baaach  spaces  if  we 
regaira  tk.t  factions  u0,  u0jt,  lu0  and  JJ  (at  0 < t < t,  belong  to 

space  >P#  . Suppose  there  is  a constant  C sack  that 


» \ u.lp  * c, 


I 2«..l  S 0. 


(9) 


if  values  h|  are  continuous  with  respect  to  t at  0 < t < t, 

operator  f is  continuous  with  respect  to  t.  Now  we  will  prove  that 

operator  f is  ,—idiffere.tial,  i.e..  the  following  inequality  is 
satisfied  at  *****  « p * 


m 


I 
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lf(«,)  - f(«,)|p  s (i  *4-)  [*!*,!„  - w,lpJ 

(10) 

with  function  F(y>  of  the  substantial  variable  y 0 such  that  f >,  0, 
F*  > 0,  F»  ^ 0.  Be  will  have 

«*,)  - f(»t)  - (-  \ *,»,«  ♦ J »,»,.)  ♦ ("  J u#»lB  ♦ 

♦ ♦ (1*1  - 1»,)  ♦ (-  J tto«*i  ♦ 2 uo«wt)* 

Osing  (6)  and  (9)  , we  will  estimate  the  noras  of  the  terns  on  the 
right: 

I $ tto.»,  - 2 ««.*,  Ip  s c l*i  " **  Ip  • 

» 2 uo*,.  “ 2 »,»,.lp  *c  4 »*i  - *»  Ip  » 

further,  we  will  have 

I*.*..  “ V,.IP  5 ■*.*,.  " w.*i«lP  * l*,*i«  " wi*i«l  P 
s l*.lp^l*i -*,lp  !»*, -*.lp4|wi>p 


1 
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and 


Wh«OC# 


“ ’I'l.lp  a I",  Ip  41 1*,  - \l p ♦ 8»,  - wt 


" i Vi-lpS  It  l(|wilp  ♦l».lp>|«1 p J • 


We  will  show  that 


»lwi  -^.Ip  5 -MP 


Actually,  if 


;.re  * PTT5=E7T  «V’B. 


then 


m 

»;.}  /:„«•}  J i . 


Whence 


r i«l  - -u  1 1 w is  li>  jr 

0<  k<  d-2  2 ».«*k|a  51 


and 
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,r-'p  - 5,j.  ill-  l!|P. 


The  estimates  obtained  show  that  in  our  case*  inequality  (10)  is 
valid  with  the  function 

*<y)  ■ c ♦ 2 ♦ J y. 

All  the  conditions  of  L.  V.  Ovsyannikov's  theorem  are  satisfied, 
and  it  guarantees  that  problem  (7) , (8) , and  that  means  also  problem 

(3)*  V*)  r have  a single  solution  from  space  B p for  any  p < p0  and 
sufficiently  small  t > 0.  Bore  precisely,  there  exists  a k >0,  so 
that  the  solution  belongs  to  Bp  for  the  values  of  p,  t from  the 
region 

i p ♦«<?,!  t >o,  o < p < p,  ) 

In  conclusion,  the  author  is  indebted  to  L.  V.  Ovsyannikov  for 


his  helpful  advice 
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